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Abstract
Let Z(M) be the space of discrete dynamical systems with the C0-topology on a manifold M . It
is shown that a generic system in Z(M) has the shadowing property. Ó 1999 Elsevier Science B.V.
All rights reserved.
Keywords: Dynamical systems; Shadowing; Generic property
AMS classification: Primary 54H20, Secondary 58F30
Let M be a smooth closed (i.e., compact and boundaryless) n-dimensional manifold.
Let r be a Riemannian metric on M . We consider discrete dynamical systems generated
by homeomorphisms of M . Let Z(M) be the space of dynamical systems on M with the
C0-topology induced by the metric
ρ0(φ,ψ)=max
x∈M
(
r
(
φ(x),ψ(x)
)
, r
(
φ−1(x),ψ−1(x)
))
.
Fix d > 0. A sequence {xk: k ∈ Z} is called a d-pseudotrajectory for a system φ ∈ Z(M)
if
r
(
xk+1, φ(xk)
)
< d, k ∈ Z.
We say that a system φ ∈ Z(M) has the shadowing property if given ε > 0 there exists
d > 0 such that for any d-pseudotrajectory {xk} of φ there is a point x such that
r
(
φk(x), xk
)
< ε, k ∈ Z.
One can find a survey of shadowing results in [8].
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LetX be a topological space. A subset Y ofX is called residual if Y contains a countable
intersection of open and dense subsets of X. If P is a property of elements of X, we say
that this property is generic if the set
{x ∈X: x satisfies P }
is residual. Sometimes in this case we say that a generic element of X satisfies P .
The space X is called a Baire space if every its residual subset is dense in X. The
classical theorem of Baire says that every complete metric space is a Baire space. It is an
easy exercise to show that the space Z(M) is complete (and hence it is a Baire space).
The main result of this paper is the following statement.
Theorem 1. A generic system in Z(M) has the shadowing property.
The genericity of the shadowing property for M = S1 was proved by Yano in [12].
Odani [7] established the genericity of the shadowing property in the case n= dimM 6 3.
His proof was based on the possibility of approximation of an arbitrary system φ ∈
Z(M) by a diffeomorphism [5,11] and on the theorem of Shub [9] on the C0-density
of structurally stable diffeomorphisms. Unfortunately, in the case dimM > 3 not every
homeomorphism is C0-approximated by diffeomorphisms [5], thus this method is not
applicable if the dimension of M is arbitrary. Note that for semi-dynamical systems
generated by continuous mappings of an interval the C0-genericity of the shadowing
property was established by Mizera [4].
One more shadowing property was introduced in [2] in connection with the problem of
genericity of shadowing. Let us denote by Nε(Y ) the ε-neighborhood of a set Y ⊂M .
We say that a system φ ∈ Z(M) has the weak shadowing property if given ε > 0 there
exists d > 0 such that for any d-pseudotrajectory ξ of φ there is a trajectory O(φ) such that
ξ ⊂Nε
(
O(φ)
)
.
It was shown in [2] that a generic system in Z(M) has the weak shadowing property.
In the proof of Theorem 1 below, we work with handle decompositions of the manifold
M . Let Dm be the closed unit ball of Rm, we denote by Sm−1 its boundary, the (m− 1)-
dimensional sphere. Let us recall that our manifold M is n-dimensional.
A sequence
M: ∅ ⊂M0 ⊂ · · · ⊂Mn =M
of n-dimensional submanifolds with boundary is called a handle decomposition of M if
every set
Mm \Mm−1
is a disjoint union of sets homeomorphic to Dm ×Dn−m (m-handles), and any m-handle
is attached to the boundary of Mm−1 by the image of Sm−1 ×Dn−m .
We consider handle decompositions M having the following additional property: for
any m-handleH , the image of
i :Dm ×Dn−m→M,
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there is an embedding
ı˜ :Dm × 2Dn−m→M
(here 2Dn−m is the closed ball of radius 2 centered at the origin) such that
(1) ı˜|Dm×Dn−m = i;
(2) ı˜(Dm × 2Dn−m)∩Mm−1 = ı˜(Sm × 2Dn−m);
(3) different “widened”m-handles (i.e., the sets H˜m = ı˜(Dm × 2Dn−m)) are disjoint.
We denote by M˜m the union of the widenedm-handles.
For a handle decompositionM we denote
|M| =max diamH
for the handles H ofM. Similarly,
|M˜| =max diam H˜
for the widened handles H˜ .
We say that a homeomorphism φ preserves a handle decompositionM if
φ(Mm)⊂ IntMm, 06m6 n.
It is convenient for us to consider the norm∣∣(x1, . . . , xn)∣∣= max
16i6n
|xi|
in Rn, in this case for any k and m in {0, . . . , n} we can write
Dm ×Dn−m =Dk ×Dn−k = J n, where J =D1 = [−1,1].
We denote by Dmr (a) the closed ball in Rm of radius r centered at a, and we set
Dmr =Dmr (0).
Now we introduce geometric objects which play the main role in the proof of Theorem 1.
Fix numbers r1, . . . , rn ∈ (0,1) and points a1, . . . , an ∈ J . A subset V of a handle
H = i(Dm ×Dn−m) of the form
V = i(D1r1(a1)× · · · ×D1rn (an))
will be called a cube in H .
We introduce several structures on a cube V ⊂H . Fix 06 l 6 n and say that V has an
l-structure if it is represented as
V = i(Dl(r1,...,rl)(a1, . . . , al)×Dn−l(rl+1,...,rn)(al+1, . . . , an)), (1)
where
Dl(r1,...,rl)(a1, . . . , al)=D1r1(a1)× · · · ×D1rl (al)
and so on.
For a cube V given by (1) we consider the sets
i
({p} ×Dn−l(rl+1,...,rn)(al+1, . . . , an)), where p ∈Dl(r1,...,rl)(a1, . . . , al),
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called transverse disks of V , and the sets
i
(
Dl(r1,...,rl)(a1, . . . , al)× {q}
)
, where q ∈Dn−l(rl+1,...,rn)(al+1, . . . , an),
called core disks of V . If p = (a1, . . . , al) or q = (al+1, . . . , an), the corresponding disks
are called central. Below we identify a cube
V = i(Dl(r1,...,rl)(a1, . . . , al)×Dn−l(rl+1,...,rn)(al+1, . . . , an))
with
Dl(r1,...,rl)(a1, . . . , al)×Dn−l(rl+1,...,rn)(al+1, . . . , an),
this will lead to no confusion.
According to our previous notation, for rl+1 = · · · = rn = r we write
Dl(r1,...,rl)(a1, . . . , al)×Dn−lr (a),
where
a = (al+1, . . . , an),
instead of
Dl(r1,...,rl)(a1, . . . , al)×Dn−l(r,...,r)(al+1, . . . , an).
Take a cube (1) and introduce a k-structure on V with k > l, i.e., represent V as
Dk(r1,...,rk)(a1, . . . , ak)×Dn−k(rk+1,...,rn)(ak+1, . . . , an).
Obviously, core disks of the k-structure on V contain core disks of the l-structure, and
transverse disks of the k-structure are contained in transverse disks of the l-structure.
For a homeomorphism φ preserving a handle decomposition, we consider cubes whose
φ-images are contained in handles. If V is a cube in an m-handleH ,
V =Dm(r1,...,rm)(a1, . . . , am)×Dn−m(rm+1,...,rn)(am+1, . . . , an), (2)
and for a k-handleG with m> k we have φ(V )⊂G, then we denote
∂1V = ∂
[
Dm(r1,...,rm)(a1, . . . , am)
]×Dn−m(rm+1,...,rn)(am+1, . . . , an) (3)
and
∂2V = ∂
[
Dk(r1,...,rk)(a1, . . . , ak)
]×Dn−k
(rk+1,...,rn)(ak+1, . . . , an). (4)
Obviously, we have ∂1V ⊃ ∂2V , and ∂1V = ∂2V if m= k.
Take an m-handle H and a k-handle G of M such that m > k. Fix r ∈ (0,1) and
φ ∈Z(M). We say that a cube
V =Dm(r1,...,rm)(a)×Dn−mr ⊂H, a ∈Dm,
is (r,φ)-regular for the pair (H,G) if φ(V )⊂G, and for the cubes V and
V˜ =Dm(r1,...,rm)(a)×Dn−mr ′
with some r ′ ∈ (r,1), the following conditions hold:
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(R1) V˜ ⊂ Int[Dmr ×Dn−m];
(R2) there exists p ∈Dn−k and ρ′ > 0 such that
φ(V )∩ [Dkr ×Dn−k]⊂ [Dkr ×Dn−kρ′ (p)]
⊂ [ Intφ(V˜ )]∩ [Dkr ×Dn−k]⊂ φ(V˜ )⊂ Int [Dk ×Dn−kr ];
(R3) φ(∂2(V˜ ))∩ [Dkr ×Dn−k ] = ∅ (see the definition of ∂2V˜ above);
(R4) there exists a transverse disk T of the cube V˜ such that
φ(T )⊂ Int [Dkr ×Dn−k].
It is easy to understand that the introduced condition is “open” with respect to φ, i.e., if V
is (r,φ)-regular for (H,G), then it is also (r,φ′)-regular for (H,G) if the value ρ0(φ,φ′)
is small enough.
The main technical tool in our proof of Theorem 1 is the so-called topological
transversality. Let us give the corresponding definitions (see [3,9]).
Let X and N be topological spaces such that X is a closed subset of N . A pair
ξ = (U,p), whereU is a neighborhood ofX inN , is called a k-microbundle normal toX if
p :U→X is a retraction with the following property. Any point y ∈U has a neighborhood
V such that p(V ) is open in X, and p :V → p(V ) is a trivial bundle whose fibers p−1(x)
are (open) manifolds of dimension k.
Below we say simply “normal microbundle” ξ and denote by E(ξ) the total space U of
ξ = (U,p).
LetX and Y be topological submanifolds ofN . We say that Y is topologically transverse
to a microbundle ξ normal to X in N if X ∩ Y is a submanifold of Y that has a normal
microbundle η in Y such that each fiber of η is an open submanifold of a fiber of ξ .
A submanifold X of N is called proper if it is closed, and if its intersection with the
boundary of N is the boundary of X.
Theorem 2. Assume that X and Y are proper submanifolds of a topological manifold N .
Let ξ be a microbundle normal to X in N . Assume also that there exist closed subsets
C0 ⊂ C ⊂ N such that Y is topologically transverse to ξ in a neighborhood of C0. Then
there exists an isotopy with support on any given neighborhood of the set (C \C0)∩X∩Y
that takes Y to a submanifold topologically transverse to ξ in a neighborhood of C.
This theorem (sometimes called the topological transversality theorem) was first proved
by Kirby and Siebenmann in [3] under some dimensional restrictions, later Quinn [9]
proved the final variant formulated above.
Now let us describe some standard isotopies supported inside handles of a handle
decomposition of M . As above, we identify a handle H = i(Dm ×Dn−m) with the set
Dm ×Dn−m .
A core expansion in a handle H =Dm ×Dn−m maps a cube (2) in H onto a cube
Dm
(r ′1,...,r ′m)
(a1, . . . , am)×Dn−m(rm+1,...,rn)(am+1, . . . , an)
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with ri < r ′i < 1, i = 1, . . . ,m, containing V ; core disks are preserved, and points of the
transverse disk {(a1, . . . , am)} ×Dn−m(rm+1,...,rn)(am+1, . . . , an) remain fixed.
A transverse contraction maps a cube (2) onto a cube
Dm(r1,...,rm)(a1, . . . , am)×Dn−m(r ′m+1,...,r ′n)(am+1, . . . , an)
with 0< r ′i < ri < 1, i =m+ 1, . . . , n, contained in V ; transverse disks are preserved, and
points of the core disk
Dm(r1,...,rm)(a1, . . . , am)×
{
(am+1, . . . , an)
}
remain fixed. A transverse expansion is defined similarly.
It is well known [6] that for any ε > 0 there exists a smooth triangulation T = {T ji } of
mesh ε, i.e., a finite family of smooth simplices T ji ,diamT
j
i < ε, such that
(1) M =⋃T ji ;
(2) the faces of any simplex of T are simplices of T ;
(3) if a simplex T of T is a subset of another simplex T ′of T , then T is a face of T ′;
(4) nonempty intersection of two simplices of T is a simplex of T .
Having a smooth triangulation T , we can find small closed neighborhoods Uji of the
simplices T ji such that taking the sets U
0
i as 0-handles, taking the sets
U1k \
⋃
IntU0i
as 1-handles, and so on, we obtain a handle decomposition of M . Thus, we can construct a
handle decompositionM of M with arbitrarily small |M˜|.
Remark. This is the only place where we refer to the smoothness of our manifold M .
Existence of handle decompositions for a topological manifold M is known if dimM > 6
(see [3]), while for smooth manifolds handle decompositions always exist.
Fix ε > 0. We define the set Aε ⊂ Z(M) as follows. A homeomorphism φ is in Aε if
there exists a handle decompositionM of M and a number r ∈ (0,1) such that |M|< ε
and
(A1) φ preservesM;
(A2) for any handlesH,G ofM either φ(H)∩G= ∅ or there is a cube V ⊂H that is
(r,φ)-regular for (H,G).
Lemma 1. For any ε > 0, the set Aε is open and dense in Z(M).
Proof. It is obvious that any set Aε is open, let us show that it is dense.
Take a homeomorphism ψ ∈ Z(M) and a number κ > 0. Fix a number ε0 with
ε > ε0 > 0, below we refine the choice of ε0.
It was mentioned earlier that there is a handle decompositionM of M such that
diam H˜ < ε0 (5)
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and
max
(
diamψ(H˜ ),diamψ−1(H˜ )
)
< ε0 (6)
for any handleH ∈M (recall that H˜ is the widened handle corresponding to H ).
First we want to construct a homeomorphism in φ preservingM and κ/2-close to ψ .
For this purpose, we apply induction as follows. Assume that we have a homeomorphism
φ0 close to ψ and such that
φ0(Mi)⊂ IntMi for all i < j. (7)
We can assume that an analog of (6) holds for φ0. Our goal is to perturb φ0 so that (7)
holds for i < j + 1.
Let Hj1 , . . . ,H
j
kj
be all the handles of index j , denote by L1, . . . ,Lkj their central core
disks. Take the minimal m such that φ0(Lk)⊂ IntM˜m for all k. Assuming that m> j , we
apply induction to decrease m. Let H˜m1 , . . . , H˜
m
lm
be all the widened handles of index m,
denote by T˜ ml their central transverse disks.
In any widened handle H˜ml there is an m-microbundle ξ normal to T˜
m
l whose fibers are
open subsets of the core disks of H˜ml .
For the central core disk Lk of a handle of index j , we have ∂Lk ⊂Mj−1, it follows
from (7) that φ0(∂Lk)⊂ IntMj−1, hence
∂φ0(Lk)∩ T˜ ml = φ0(∂Lk)∩ T˜ ml = ∅.
Find a cubic neighborhoodN of T˜ ml in H˜
m
l such that
∂T˜ ml ⊂ ∂N and ∂φ0(Lk)∩N = ∅ for all k.
Take
X = T˜ ml , Y =
(⋃
k
φ0(Lk)
)
∩N, C =N, C0 = ∅,
and apply Theorem 2 to construct an isotopy χs with support in N such that χ0 = id, and
Y ′ = χ1(Y ) is topologically transverse to ξ on C. Since dimY ′ = j < m, the intersection
Y ′ ∩X cannot have a normal microbundle in Y ′ such that its fibers are open submanifolds
of m-dimensional fibers of ξ . It follows that Y ′ ∩X = ∅.
Thus, if we set φ′ = χ1 ◦ φ0, then φ′(Lk)∩ T˜ ml = ∅. Since the sets φ′(Lk) are compact,
they do not intersect a cubic neighborhood of T˜ ml , and we can use a core expansion in H˜
m
l
to construct φ′′ that coincides with φ′ on H˜ml and such that φ′′(Lk)⊂ IntM˜m−1 for all k.
It follows from condition (6) for φ0 that for the constructed φ′′ we have ρ0(φ0, φ′′) < ε0.
Let us denote this φ′′ by φ (at each step we will denote the obtained perturbation by φ,
this will lead to no confusion), for this φ the analog of (6) holds with 2ε0 instead of ε0.
Repeating this procedure with m− 1 instead of m and so on (not more than n = dimM
times), we obtain a homeomorphism φ such that for the central core disk Lk of any handle
of index j we have
φ(Lk)⊂ IntM˜j , ρ0(φ,φ0) < C1(n)ε0,
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and
max
(
diamφ(H˜ ),diamφ−1(H˜ )
)
<C1(n)ε0. (8)
Now we take into account that for some cubic neighborhoods of the disks Lk their φ-
images belong to IntM˜j , hence we can apply transverse contractions in H˜ jk to perturb φ
so that φ(Hjk ) ⊂ IntM˜j . It follows from (8) that ρ0(φ,φ0) < 2C1(n)ε0, and an analog
of (8) holds for φ with 2C1(n)ε0 instead of C1(n)ε0.
All the isotopies we applied preserved φ0(Mj−1), hence we have φ(Mj )⊂ IntM˜j . Now
we can apply transverse contractions in H˜ j to obtain φ such that ρ0(φ,φ0) < C2(n)ε0 and
φ(Mj)⊂ IntMj .
It follows that for any homeomorphism ψ and for any handle decompositionM such
that (5) and (6) hold, we can find a homeomorphism φ preserving M and such that
ρ0(φ,ψ) < C3(n)ε0 and
max
(
diamφ(H˜ ),diamφ−1(H˜ )
)
<C3(n)ε0.
If for two handlesH,G ofM we have φ(H)∩G 6= ∅ but φ(IntH)∩ IntG= ∅, we can
apply small core and transverse contractions in H to obtain φ such that φ(H) ∩G = ∅.
Hence, we can consider φ such that for any two handles H and G either φ(H)∩G= ∅ or
φ(IntH)∩ IntG 6= ∅. Now we will perturb φ to satisfy condition (A2).
For any pair of handles H,G of M such that φ(H) ∩ G 6= ∅, we fix a small cube
V (H,G) such that V (H,G) ⊂ IntH and φ(V (H,G)) ⊂ IntG. Below in this proof,
dealing with such a pair of handles, we take an m-handle H and a k-handle G. It follows
from (A1) that in this case m> k.
We can take the cubes V (H,G) such that the following holds: the projections of
V (H,G) (with differentG) onto the “core base”Dm ofH are disjoint, and the projections
of φ(V (H,G)) (with differentH ) onto the “transverse base” Dn−k of G are disjoint.
Let us fix H,G, and V = V (H,G). It was mentioned that since V has an m-structure
and m> k, we can introduce a k-structure on V , “decreasing” core disks and “increasing”
transverse disks. Thus, we may assume that both H and G are k-handles.
Let L be the central core disk of V (k-dimensional, by our assumption). We want to
perturb φ so that the image of an open subset of L under the perturbed φ is an open subset
of a core disk of the handle G.
We will consider G = Dk ×Dn−k ⊂ Rn. Let L1 be a connected component of the set
φ(L) ∩ G. Fix two points a1, b1 ∈ L1 and consider the (n − 1)-dimensional hyperplane
Qn−1 orthogonal to the segment [a1, b1] and containing the middle point of this segment.
There exists a point x1 ∈ L1 ∩Qn−1 such that any its neighborhood contains points of
both sets L1 ∩Rn+ and L1 ∩Rn− (here we denote by Rn+ and Rn− the open components of
Rn \Qn−1).
Let ζ1 be a microbundle normal to Qn−1 in Rn whose fibers are open segments
orthogonal to Qn−1. Take a neighborhood N1 of x1 such that the connected component
of x1 in the set N1 ∩L1 intersects both sets ∂N1 ∩ Rn+ and ∂N1 ∩ Rn−. Now we apply
Theorem 2 with N =N1, X=Qn−1 ∩N1, Y = L1 ∩N1, ξ = ζ1, C0 = ∅, and C =N . We
can find an isotopy χs supported in N1 such that χ0 = id, and L′1 = χ1(L1) is transverse
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to ζ1 on N1. In addition, the set L′1 ∩Qn−1 is not empty, hence there exists a nonempty
submanifoldL2 ⊂ L′1∩N1 ∩Qn−1 and a microbundle ξ1 normal to L2 in L′1 such that any
fiber of ξ1 is an open subset of a fiber of ζ1. Reducing L2, if necessary, we may assume
that L2 is connected, and that fibers of ξ1 are closed segments.
Now we fix points a2, b2 ∈ L2 and an (n− 2)-dimensional hyperplane Qn−2 in Qn−1
separating these points. There exists a point x2 ∈ L2 such that any its neighborhood
contains points of both sets L2 ∩ Qn−1+ and L2 ∩ Qn−1− (here Qn−1+ and Qn−1+ are the
components of Qn−1 \Qn−2).
Let us consider a microbundle ζ2 normal to Qn−2 in Rn whose fibers are two-
dimensional planes orthogonal to Qn−2. Take a neighborhood N2 of the point x2 in Rn
so small that the boundaries of fibers of ξ1 do not belong to N2, and the connected
component of x2 in the set N2 ∩L2 intersects both sets ∂N2 ∩Qn−1+ and ∂N2 ∩Qn−1− .
By an isotopy supported in N2 we can make L1 transverse to ζ2 in N2. Let us show that
after this isotopy the intersection of the sets E(ξ1) ⊂ U1 and Qn−2 remains nonempty.
Indeed, the boundaries of fibers of ξ1 are fixed, hence any fiber of ξ1 intersects Qn−1
(otherwise it would be possible to retract a fiber to its boundary by a radial isotopy, and
this is impossible, since any fiber is a disk).
Now ifQn−2∩E(ξ1)= ∅, thenL2∩N2 can be represented as the union of two nonempty
open sets such that open fibers through their points meetQn−1+ andQn−1− , respectively. But
by the choice of N2, the set L2 ∩N2 has a connected component that intersects both Qn−1+
and Qn−1− , thus we obtain a contradiction. Hence, L1 ∩Qn−2 is nonempty, and it contains
a submanifold L3 ⊂ L1 ∩ N2 ∩Qn−2 with a microbundle ξ2 normal to L3 in L1 whose
fibers are open subsets of fibers of ζ2.
Continuing this process, we obtain an (n− k)-dimensional subspaceQn−k ⊂Rn and an
open subset L′ of φ(L) such that their intersection is nonempty, and L′ is transverse to a
microbundle whose fibers are k-dimensional hyperplanes orthogonal to Qn−k . Obviously,
we can turn Qn−k to obtain a homeomorphism φ mapping an open subset of L onto an
open subset of a core disk of the handle G.
Let us apply the described procedure to every cube V (H,G). The isotopies applied to
obtain φ can be chosen so that the inequality ρ0(φ,ψ) < κ/2 holds.
Now we fix a number r > 0 such that for any pair of handles H,G with ψ(H)∩G 6= ∅
and for the corresponding cube V (H,G) we have
V (H,G)⊂ Int [Dmr ×Dn−m], φ(V (H,G))⊂ Int [Dk ×Dn−kr ] (9)
(we recall that H is an m-handle, and G is a k-handle).
Let us perturb φ and find cubes V (H,G) (we preserve the notation) so that the new
cubes are (r,φ)-regular.
Fix a pair of handles H,G and a cube V = V (H,G) such that (9) holds. Decreasing V ,
we may assume that
V =Dmρ (a)×Dn−mρ (b)=Dkρ(a′)×Dn−kρ (b′),
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and that for its central core disk L = Dkρ(a′) × {b′} (with respect to the k-structure) the
image under φ is a subset of a core disk Dk ×{p} of G. Now by a core expansion in G we
can modify φ so that
φ(∂L)∩ [Dkr ×Dn−k]= ∅ (10)
and
φ(L) ∩ [Dkr ×Dn−k]=Dkr × {p}. (11)
It follows from (9), (10), and from the compactness of the set φ(∂L) that we can find
ρ1 ∈ (0, ρ) such that for the cube
V˜0 =Dkρ(a′)×Dn−kρ1 (b′)
we have
φ(V˜0)⊂ Int
[
Dk ×Dn−kr
]
and
φ(∂1V˜0)∩
[
Dkr ×Dn−k
]= ∅
(note that here we consider ∂1V˜0 with respect to the k-structure of V˜0; with respect to
the m-structure, this set is ∂2V˜0). Obviously, if we take ρ1 small enough, there exists a
transverse disk T0 of V˜0 such that φ(T0)⊂ Int [Dkr ×Dn−k ].
By (11), the disk Dkr × {p} belongs to the interior of the set φ(V˜0), hence there exist
numbers ρ2 ∈ (0, ρ1) and ρ′ > 0 such that for the cube
V0 =Dkρ(a′)×Dn−kρ2 (b′)
the inclusions
φ(V0)∩
[
Dkr ×Dn−k
]⊂ [Dkr ×Dn−kρ′ (p)]⊂ [ Intφ(V˜0)]∩ [Dkr ×Dn−k]
hold. Hence, V0 and V˜0 satisfy analogs of conditions (R2)–(R4) in the definition of (r,φ)-
regularity.
Let a = (a1, . . . , am) in the definition of V above. It remains to take the new cube
V =D1ρ(a1)× · · · ×D1ρ(ak)×D1ρ1(ak+1)× · · · ×D1ρ1(am)×Dn−mr (b),
a cube
V˜ =D1ρ(a1)× · · · ×D1ρ(ak)×D1ρ1(ak+1)× · · · ×D1ρ1(am)×Dn−mr ′ (b)
with r ′ ∈ (r,1), and to find a transverse contraction χ in H mapping V onto V0 and V˜ onto
V˜0. It follows that if we take φ ◦ χ to be the new φ, then V is (r,φ)-regular for (H,G).
All our perturbations of φ in the construction of V and V˜ above are supported on closed
subsets H ∗(H,G) of H andG∗(H,G) of G having the following property. If G′ 6=G is a
handle with φ(H)∩G′ 6= ∅, thenH ∗(H,G′)∩H ∗(H,G)= ∅ (and an analogous statement
is true for G∗(H,G)).
It follows that for a system φ constructed in the first part of the proof we can find a
system φ′ ∈Aε with ρ0(φ,φ′) < C4(n)ε0. Hence, ε0 can be chosen so that ρ0(ψ,φ′) < κ .
This completes the proof. 2
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To establish Theorem 1, it is enough to prove the lemma below.
Lemma 2. If φ ∈Aε , then there exists d > 0 such that for any d-pseudotrajectory ξ = {xk}
of φ there is a point x such that
r
(
φk(x), xk
)
< ε, k ∈ Z.
Indeed, Lemma 2 implies that a system φ belonging to the set
A=
⋂
ε>0
Aε
has the shadowing property, and it follows from Lemma 1 that the set A is residual in
Z(M).
We begin with a technical statement.
Lemma 3. Let m > k. Consider a cube V given by (2) and the sets ∂1V,∂2V given by
(3), (4). If for a subset K of V the set ∂2V is a retract of V \K , then ∂1V is a retract of
[V \K] ∪ ∂1V .
Proof. Obviously, it is enough to consider the case V = J n, ∂1V = ∂J k+1× J n−k−1, and
∂2V = ∂J k × J n−k . Let R′ :V \ K → ∂2V be a retraction. Let us construct a retraction
R : (V \K)∪ ∂1V → ∂1V . Note that
∂1V = ∂J k × J n−k ∪ J k × ∂J × J n−k−1
= ∂2V ∪ J k × {−1} × J n−k−1 ∪ J k × {1} × J n−k−1.
Denote
S0 = J k × {−1} × J n−k−1, S1 = J k × {1} × J n−k−1.
Take a continuous function α :V →[0,1] such that α(x)= 0 for x ∈ S0∪S1, and α(x)= 1
for |xk+1|6 τ with some τ ∈ (0,1).
Set R0(x)= α(x)R′(x)+ (1−α(x))x . Since the cube is convex, we obtain a continuous
mapping R0 : (V \ K) ∪ ∂1V → V such that R0(x) = x for x ∈ ∂1V . In addition, if
|xk+1|6 τ , then R0(x) ∈ ∂2V .
Note that there exist retractions θi :V → Si ∪ ∂2V , i = 0,1. For x ∈ (V \K)∪ ∂1V we
set
R(x)=

R0(x), |xk+1|< τ ,
θ0R0(x), −16 xk+1 6−τ ,
θ1R0(x), τ 6 xk+1 6 1.
Obviously, we have R(x) ∈ ∂1V for all x , and R(x) = x for x ∈ ∂1V . It remains to show
that R is continuous at points x such that |xk+1| = τ . Since R0(x) ∈ ∂2V for xk+1 = τ , we
see that θ0R0(x)= R0(x), hence R is continuous at x; the case xk+1 =−τ is considered
similarly. Thus, R is the desired retraction. 2
We need the following auxiliary statement.
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Lemma 4. Let φ preserve a handle decompositionM and let H0, . . . ,Hl be handles of
M such that there exist cubes Vi, i = 1, . . . , l, in Hi with the following properties. The
cubes Vi, i = 1, . . . , l − 1, are (r,φ)-regular for the pairs (Hi,Hi+1), and if Hl is an m-
handle, then for Vl =Dmρ (a)×Dn−mr condition (R1) in the definition of (r,φ)-regularity
holds.
Then
l⋂
i=0
φ−i (IntVi) 6= ∅.
Remark. The property described in Lemma 4 is in some sense close to the Markov
properties studied by Alekseev [1], but our methods are qualitatively different from those
of [1].
Proof. First let us note that the definition of (r,φ)-regularity implies two following
properties of the pairs Vi,Vi+1, i = 1, . . . , l − 1:
(i) φ(Vi)∩ ∂Vi+1 = φ(V ) ∩ ∂1Vi+1;
(ii) φ(∂2Vi) ∩ Vi+1 = ∅ (here ∂2Vi is defined by (4) if Vi is given by (2), Hi is an
m-handle, and Hi+1 is a k-handle).
Consider the sets
Wi = Vi \
⋂
j>i
φ−(j−i)(IntVj ).
It follows from (ii) that Wi ⊃ ∂2Vi .
We claim that there exist retractions
ri :Wi→ ∂2Vi, i = 0, . . . , l − 1. (12)
This is enough to prove our lemma, since the existence of r0 means that
l⋂
i=0
φ−i (IntVi) 6= ∅
(otherwise there exists a retraction of V0 onto ∂2V0, and this is impossible).
Note that if Hi+1 is a 0-handle, then
– it follows from condition (R2) in the definition of (r,φ)-regularity that φ(Vi)⊂ Vi+1;
– Hj, j > i + 1, are 0-handles since φ preservesM.
Hence, in this case the existence of ri , . . . , rk−1 is trivial, and we may consider the case
when any Hi is a k-handle with k > 0.
We apply backward induction in i to prove the existence of retractions (12).
Now we establish an additional property of the pairs Vi,Vi+1,
(iii) the set ∂2Vi is a retract of the set
φ−1(∂1Vi+1) ∪
[
Vi \ φ−1(IntVi+1)
]
. (13)
It follows from the definition of ∂2V that it is enough to consider the case when both Hi
and Hi+1 are k-handles, hence ∂1Vi = ∂2Vi . Let T be a transverse disk in Vi such that
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(R4) holds. We can apply a core expansion with support in Dkr ×Dn−k to expand the set
Vi+1 ∪ φ(Vi) so that the image of ∂1Vi+1 ∪ [φ(Vi) \ IntVi+1] does not intersect φ(T ). It
follows from (R2) that we can apply a transverse contraction to move the set ∂1Vi+1 into
Dk×Dn−kρ (p) so that points of the set φ(Vi) remain fixed. Now it is possible to project the
set ∂1Vi+1 ∪ [φ(Vi) \ IntVi+1] to φ(∂1V˜i) parallel to the images of core disks of V˜i . Since
∂1Vi is a retract of ∂1V˜i , and φ(∂1Vi) remains fixed under all the mentioned isotopies, the
set ∂1Vi is a retract of (13). This proves (iii).
Properties (ii) and (iii) imply the existence of rl−1. Let us assume that ri+1, . . . , rl−1 are
constructed. By Lemma 3, there exists a retraction
Ri+1 :Wi+1 ∪ ∂1Vi+1→ ∂1Vi+1.
Note that
Wi ∩ φ−1(Vi+1)⊂ φ−1(Wi+1),
since
φ(Wi)∩ φ−(j−i)+1(Vj )= ∅ for j > i + 2.
This shows that the mapping
θ(x)=
{
φ−1Ri+1φ(x), x ∈Wi ∩ φ−1(Vi+1),
x, x ∈Wi \ φ−1(Vi+1),
is properly defined. Let us show that this mapping is continuous. It is enough to check that
Ri+1(y)= y for y ∈ φ(Wi ∩ φ−1(∂Vi+1)). To do this, note that
φ
(
Wi ∩ φ−1(∂Vi+1)
)= φ(Wi) ∩ ∂Vi+1 ⊂ φ(Vi) ∩ ∂Vi+1 ⊂ ∂1Vi+1
(here we apply (i)), and Ri+1|∂1Vi+1 = id.
Obviously, θ maps Wi to[
Vi \ φ−1(Vi+1)
]∪ ∂1Vi+1. (14)
It follows from property (iii) that there exists a retraction r ′i of (14) onto ∂2Vi .
Since property (ii) implies that θ(x)= x for x ∈ ∂2Vi , we see that the mapping
ri = r ′i θ :Wi→ ∂2Vi
is the desired retraction. This completes the proof. 2
Now let us prove Lemma 2.
Proof of Lemma 2. Take a system φ ∈Aε and a corresponding handle decompositionM.
Find d > 0 such that for any handles H,G ofM with
φ(H)∩G= ∅
we have
dist
(
φ(H),G
)
> d.
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Let ξ = {xi} be a d-pseudotrajectory of φ. Denote by H(i) the handle ofM containing
xi . It follows from the choice of d that
φ
(
H(i)
)∩H(i + 1) 6= ∅.
There exists r > 0 and cubes V (i) which are (r,φ)-regular for the pairs H(i),H(i + 1).
Lemma 4 shows that the set
i=k⋂
i=−k
φ−i
(
V (i)
)
is nonempty for any natural k, hence the set
i=∞⋂
i=−∞
φ−i
(
V (i)
)
is also nonempty (recall that the sets V (i) are compact).
Take a point
x ∈
i=∞⋂
i=−∞
φ−i
(
V (i)
)
.
Then φi(x) ∈ V (i)⊂H(i). Since |M|< ε, it follows that r(φi(x), xi) < ε for all i . This
completes the proof of Lemma 2 (and of Theorem 1). 2
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